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Abstract 

We give a crystal structure on the set of all irreducible components 
of Lagrangian subvarieties of quiver varieties. One can show that, as 
a crystal, it is isomorphic to the crystal base of an irreducible highest 
weight representation of a quantized universal enveloping algebra. 



1 Introduction 

Let U q (g) be the quantized universal enveloping algebra of a Kac- Moody 
Lie algebra g with a symmetric Cartan datum and U~(g) the minus part 
of it. In [8], [10], Lusztig gave a geometric realization of U~(g) in terms of 
quivers and denned the canonical basis of it. On the other hand, motivated 
by the study of solvable lattice models, Kashiwara defined the crystal base 
and the global base of U~(g) in an algebraic way [3]. Grojnowski and Lusztig 
proved the global base is coincide with the canonical basis due to Lusztig [1]. 
Afterwards Kashiwara and the author constructed the crystal base of U~ (g) 
in a geometric way [7]. More precisely they defined a crystal structure on 
the set of irreducible components of a Lagrangian variety and proved that it 
is isomorphic to the crystal base of U~(g). 

In the crystal base theory, there is another important example B(X) which 
is the crystal base of the irreducible highest weight module of U q (g) with a 
highest weight A. The purpose of this paper is to construct B(X) in a ge- 
ometrical way. Nakajima defined a new family of hyper-Kahler manifolds, 
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called quiver varieties [15], [16]. He also constructed a representation of g 
on the middle homology groups of quiver varieties. Moreover he proved it 
is isomorphic to an irreducible highest weight representation by using Kac's 
characterization of irreducible modules [2]. In this paper we consider a La- 
grangian subvariety of a quiver variety following Nakajima, and define a 
crystal structure on the set of irreducible components of it. Instead of Kac's 
characterization, we give a crystal-theoretical characterization of B(X). By 
the aid of it, we show the crystal associated to the set of irreducible compo- 
nents is isomorphic to B(X). 

In Kashiwara's algebraic construction, the global base of an irreducible 
highest weight module of U q (g) was also defined [3]. We remark that it has 
not constructed yet in a geometrical way, since a representation of U q (g) has 
not. 

Acknowledgment The author would like to thank Masaki Kashiwara and 
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2 Preliminaries 
2.1 

Let g be a symmetric Kac-Moody Lie algebra and t its Cartan subalgebra. 
Let {ai\i G /} C t* and {hi\i G /} C t be the set of simple roots and simple 
coroots, respectively. We normalize the non-degenerate symmetric invariant 
bilinear form ( , ) on t* so that (ccj, ctj) G Z >0 . Let P be the weight lattice 
and P* its dual lattice. Then CKj G P and hi G P*. 

We define U g (g) as the Q(g)-algebra generated by e i: fi(i G I) and q h (h G 
P*) with the following defining relations: 

(1) q h = 1 for h = and q h+h ' = q h q h \ 

(2) q h ei q- h = g< h ' a *>e i and q h fiq~ h = q~ {h ' ai) fi, 

(3) [a, fj] = SijiU - tj l )/( qi - qr 1 ) where Qi = q^ a ^ and U = q^) h % 

(4) E(-i)x ( Vf~ n) = u-irfPfjft* = o 

where i ^ j and b = (hi, aj). 
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Here we used the notations [n]i = (g™ - q~ n )/{qi - q' 1 ), [n],! = fOLiM*' 
e J n) = ef/[n\i\ and = f?/[n\i\. We understand eS n) = tf n) = for n < 0. 
We set Q = ^™ =1 Za3,Q + = SILi ^>o a i, an d Q- — ~~ Q+- Let P + be the 
set of dominant integral weights. 

We denote by U~(g) the Q(g)-subalgebra of U q (g) generated by fi(i G /). 

For a fixed % G /, let U q (gi) be the Q(g)-subalgebra of £/ g (fl) generated 
by e,, and g ±/li . We say that U q (g)-modvie M is integrable if M has the 
weight space decomposition M = ® u eP M u and M is C/ g (0j)-locally finite for 
any i E I. 

2.2 crystals 

The theory of crystal base developed in [3] provides very powerful method 
in the representation theory of U q (g). Motivated by the properties of the 
crystal base, Kashiwara defined crystals in the conbinatrial way [4]. First we 
recall the definition of crystals. See [3] , [4] , [5] , [6] and [7] for details. 

Definition 2.2.1 A crystal B is a set with 

(2.2.1) maps wt : £ -> P, e t : £ -> Z U {-oo} and Z U {-oo}, 

(2.2.2) ei : B -> £ U {0}, £ : £ -> £ U {0}. 
They are subject to the following axioms: 

(C 1) Vl (b)=E l (b) + (h l ,wt(b)). 

(C 2) If b G B and e^fo G £ then, 

wt(ej6) = wt(b) + ctj, £i(e,6) = - 1 and ^(e^) = + 1. 

(C 2') If 6 G £ and G £, then 

wt(/i&) = wt(6) - a*, £i(/i6) = £i(6) + 1 and = ¥>»(&) - 1- 

(C 3) For 6, 6' G £ and iel,b' = e { b if and only if 6 = 76'. 

(C 4) For b G £, if ^(6) = -oo, then e~;& = £6 = 0. 

For two crystals B\ and £2, a morphism ^ from B\ to £2 is a map £1 — > 
£ 2 U {0} that satisfies the following conditions: 
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(2.2.3) If b G B l and ip(b) G B 2 , then wt(^(6)) = wt(6), £^(6)) = £;(&), 
and <Pi(il>(b)) = <#(&), 

(2.2.4) For b G -Bi, we have ip(e~ib) = e^(6) provided ^>(6) and ^(e~ib) G -B 2 , 

(2.2.5) For 6 G -Bi, we have ip(fib) = fii>(b) provided ■?/>(&) and ijj(fib) G S 2 . 
A morphism ^ : S x — > £> 2 is called strict, if it commutes with all and 

For two crystals i?i and B 2 , we define its tensor product B x ® B 2 as 
follows: 

B 1 <S> B 2 = {bi <S> h ; h e B 1 and b 2 G B 2 } , 
£j(&i ® b 2 ) = max {^(61), £j(& 2 ) - wt^&i)} , 
<Pi(h <S> b 2 ) = max {<#(&i) + wtj(6 2 ), , 
wt(6i ® b 2 ) = wt(6i) + wt(& 2 ), 



ii(bi <S> b 2 ) = 

fi(Pi <8> 62) = 
Here wtj(6) = (hi,wt(b)). 



iibi <S> b 2 if (fiih) > £j(6 2 ), 

61 ® if v?j(6i) < Si(b 2 ), 

fib! ®b 2 if ^(61) > £j(6 2 ), 

bi <S> fb 2 if (pi(bi) < Ei(b 2 ). 



Example 2.2.2 For A G P+, -B(A) is the crystal associated with the crystal 
base of the simple highest weight module with highest weight A. For b G B(X) 

we set £i(b) = max{/c > | e^b 7^ 0}, (fi(b) = max{A; > | f b 7^ 0} and 
wt(6) is the weight of b. We denote by 6(A) the unique element with weight A. 

Example 2.2.3 B(oo) is the crystal associated with the crystal base of 
U~(g). For b G B(oo) we set e^b) = m&x{k > | e^b 7^ 0} and tpi(b) = 
Ei(b) + (/ii,wt(6)). 

Example 2.2.4 Let A G P+ be a dominant integral weight. Consider the 
set T\ = {t\} with one element. Define wt(t\) = A, Ei(t\) = (pi(t\) = —00 
and ei{t\) = fi(t\) = for all i G I. Then T x is a crystal. 
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2.3 



In this subsection we shall give a crystal-theoretical characterization of 5(A). 
We will use this result in §4. Consider the tensor product of crystals B(oo) (g> 
T\. Let n\ : B(oo) ® T\ — > B(X) be a strict morphism given by • • • /j,&o ® 
i — > /jj • • • /j ( fo(A). The morphism 7r A has following properties: 

C2 3 1) The Set ^ G ^(°°) ® | K X (b) 0} is isomorphic to B(X) 
^ ' ' ' through Tlx- 



Proposition 2.3.1 Let B be a crystal and b\ an element of B with weight 
A E P+. Assume the following conditions. 

(1) b\ is the unique element of B with weight A. 

(2) There is a strict morphism $ : B{oo)®T\ — > B such that $(bo<8>t\) = b\ 
and im<3> = BL\{0}. Here bo is the unique element of B(oo) with weight 
zero. 

(3) Consider the set {b E B(oo) <S> T\\$(b) ^ 0}. Then it is isomorphic to 
B through $ as a set. 

(4) For any b E B and i E I, £j(6) = max{k > 0\ii h (b) ^ 0} and (fi(b) = 
max{k > 0\fi k (b) + 0}. 

Then B is isomorphic to B(\). 

Proof. By (1) and (2) any element of B has the form f^-'-fifix with 
E I. The following lemma is a key of the proof of Proposition 

2.3.1. 

Lemma 2.3.2 For a given • ■ ■ ,ik) E I k , the following two statements 
are equivalent. 

(a) f il ---f k b{\) =0. (6) = 0. 

Proof of Lemma 2.3.2. We shall only show that (a) implies (6). For v E Q- 
let B(\)\ +l/ (resp. B\ +v ) be the set of all elements of B{\) (resp. B) with 
weight A + v. We shall prove the statement by the induction on |ht(i/)|. 
Here ht(u) = J2iei n i € Z for z/ = Yl,i&i n i a i e Q- ^ 1^(^)1 = 0, the 
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statement is clear. Assume the statement holds for |ht(z/)| < I — 1. Take 
f i2 ■ ■ ■ f H b(X) G B(X) X+U with \ht(u)\ = I - 1 such that f n (f n ■ ■ ■ f H b(X)) = 0. 
By the definition of B(X) we have ip^ (fi 2 ■ ■ ■ /j ; 6(A)) = 0. Since n x is strict, we 
have f i2 ■ ■ ■ f k (b <8> t\) ^ and <p h (f h ■ ■ ■ f k (b <8)t\)) = 0. By the conditions 
(2), (3) in Proposition 2.3.1 and the induction hypothesis we have 

Hfl---f H (b ®t x )) = fl---f H b x ^o 

and 

<Ph(f~i2---fi l (bo®t x )) = <p il (Q(f ia ---fi l (bo®tx))) 

= ViAfv, ■ ■ ■ fM 
= o. 

By the condition (4) in Proposition 2.3.1 this means fi±fi 2 ■ ■ ■ fi t b\ = 0. 
Therefore the statement holds for |ht(i/)| — I. □ 

Let us return to the proof of Proposition 2.3.1. From (3), (2.3.1) and 
Lemma 2.3.2, we can define a bijection ip : B(X) — > B by • • • fi t b(X) h- > 
fh • • • fiibx- By the construction it is easy to see that ip is an isomorphism of 
crystals. □ 



3 Quiver varieties 
3.1 

Let A = (aij) be the Cartan matrix of q. We shall define an oriented graph 
(/, H) associated with A as follows. 

Let / be the set of vertices and H the set of arrows of our graph. For 
i,j G / (i j), there are \aij\ arrows from i to j. Let out(r) (resp. in(r)) 
be the outgoing (resp. incoming) vertex of r e H. For r G H, we denote by 
f the same edge as r with the reverse orientation. The map ~ is a fixed free 
involution of H . An orientation of our graph is a choice of a subset Q C H 
such that f2uf2 = iJ, f2flf2 = 0. We call our oriented graph (/, H) a quiver. 
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3.2 

Let V be the family of /-graded vector spaces V = © ie / V*. For V G V, the 
dimension of V" is defined to be the vector dimV = (dim c Vi) ie i G Z> . For 
v G Z> let W be the family of /-graded vector spaces V with dimV = v. 

Consider another /-graded complex vector space W with dim W = A and 
fix it through out this paper. From now on we regard the dimension vectors 
v and A as elements of P by the following way; 

n n 

v i— > — dim c ViCti, A i— > dim c W^Aj. 
i=i i=i 

Here A; is the fundamental weight of g. 

We define a complex vector space X(W; v) by 

X(W;u) = ( © Hom c (Kut(r),Mn(r)))©(© Hom c (\/ i ,W / " i ))©(© Hom c (Wj, V*)). 
t£H iei iei 

For an element of X(W; v) we denote its components by (B T ,ti,Si). We 
write B,t, s for the collection (B T ) reH , etc. 

Fix a function e : // — > C* such that e(r) + e(f) = for any r G //. We 
define the symplectic form a> on z/) by 

n 

(3.2.1) t, s), (B', t', s')) = tr(e(r)B f B' T ) + ^ tr(s t t> - sft) 

r€H i=l 

The algebraic group G(v) = Yl™=i GL(V,j) acts on X(W; v) by 
(3-2.2) (B, t, s) ^ (g in{T) B T g^ t{T) ,tig-\ g^) 

where g = (^) G G(z/). The action of G{v) preserve the symplectic form u. 
Let fi : X(W; v) — > q(u) be the associated moment map. Its i-th component 
Hi : X(W; v) — ► End(V^) is given by 

fii((B,t,s)) = s(r)B f B T + sjti. 

TEH,i=out(r) 

3.3 

We recall basic properties of Nakajima's quiver variety. The results of this 
subsection originally proved by Nakajima [15], [16]. 
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Definition 3.3.1 We denoted by X(W; v) st the set of all elements (B, t, s) G 
X(W; v) satisfying the following property; if there is a family of subspaces V- 
in Vi such that they are 5-invariant (i.e, for each t & H, B T (V^ ut ^) C V^/ t n) 
and contained to Ker(^) for each i G J,then V"/ = for each i & I. We call 
an element of X(W; u) st a stable point of X(W; v). 

It is easy to see that X(W; u) st is an open subset of X(W; v). Clearly G{y) 
acts on X(W; v) st . 

Lemma 3.3.2 The action of G{v) on X(W; u) st is fixed point free. 

By this lemma we can consider the quotient variety of X(W; u) st by G(v). 
That is, let 

X(W; v) = (fJ,-\0) n X{W- v) st )/G{v). 

We call X(W; v) a quiver variety. We denote by [B,t,s] the G(z/)-orbit of 
(B, t, s) considered as a point in X(W; v). 

Proposition 3.3.3 Assume X(W; v) st ^ <fi. 

(1) X(W;u) is a quasi-projective smooth variety of dimension || A || 2 — 
||A + z/|| 2 . 

(2) X(W;u) has the symplectic structure induced byui. 

4 Construction of crystal base 
4.1 

Let u, v G Q- such that v — v G Z< aj for some % G /. Assume that 
V G V u , V G Vp. Now we consider the diagram 

(4.1.1) X(W;v)^X(W;v,v) J ^X(W;v). 

Here X(W; P, v) is the variety of (B,t,s,(f>) where (B,t,s) G X{W;u) and 
= (fa) : V — > V is a injective morphism of /-graded vector spaces such 
that Im0 = (Im0j) is 5-stable and contains Ims = (ImSj). Hence B,t,s 
induce B : V — > V" , f« : — > Vt^ and si : PVj — > respectively. We define 
qi(B,t,s,(f)) = (B,t,s) and q2(B,t,s,(p) = (B,t,s). The following lemma is 
proved easily. 
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Lemma 4.1.1 We use the above notations. 
(1) The following two conditions are equivalent; 

(a) (B,t,s) is a stable point. 

(b) (B,t, s) is a stable point and the map 



Vi ^± © V m{T) © Wi 

r;out(r)=i 



is injective. 



(2) The following two conditions are equivalent; 
(a) fi((B,t,s))=0. (b)n((B,t,s)) = 0. 

By this lemma we can restrict the diagram to /i -1 (0) and stable points and 
take its quotient by G(u),G(u). Then we get the diagram 

(4.1.2) x(W;u)^X(W;u,u)^X(W;u). 

Here the variety of ([B, t, s], lm(0)) where [B, s, t] G X(W; v) and is given 
above. 



4.2 

For j G I and c G Z> we consider 

X(W; v\ c = {[B, t, s] G X{W; u)\e t ((B, t, s)) = c} 

where 

£i((S,t,s)) = dim c Coker( © V out(r) © W t Vi). 

r;in(r)=i 

Since [B,t,s] is a G(z/)-orbit the above definition is well defined. It is clear 
that X(W; v) i)C is a locally closed subvariety of X(W; v). 

Lemma 4.2.1 Suppose X(W; i/) ijC ^ <p. Then, 

(1) c+(h i: X + v)>0. 

(2) X(W] v — l(Xi)i t c+i 7^ if and only if —c < I < c + (hi, X + u). 
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Proof. First we shall show (1). Let [B,t,s] G X(W; u) iiC . We consider the 
following diagram; 

r;out(r)=i 

Since (B,t, s) is a stable point the first map is injective. On the other hand 
(B,t,s) G /i _1 (0) implies that the composition of these two maps equal to 
zero. Therefore we have 

dim c Vi < dim c Coker(( J B r ,s i )) - dim c V + ^ Vj n(T ) + dim c W*. 

r;out(r)=i 

Rewriting the above inequality, we get the statement. 

Let us prove the sufficient part of (2). Assume X(W; v — leti)i iC+ i ^ <fi. By 
(1) we have c + 1 + {h i: X + u — Icti) > 0. Therefore we have c+ (hi, X + u) > I. 
By the definition of Si we have c + / > 0. We get the statement. 

We shall show the necessary part of (2). Let [B,t, s] G X(W; v)i, c . First 
we assume — c < I < and let v — v — lai. We introduce V G Vp in the 
following way. If j 7^ 2, define Vj = Vj. V is (hi, X + v) -dimensional subspace 
of Vi such that 

Im( © Kut(r) © Wi Vj) C V*. 

T;in(r)=i 

Let (B,t,s) G £>ij»2 l (B,t, s). Then by Lemma 4.1.1 we have (B,t,s) is a 
stable point and (B,i,s) G /i -1 (0). Moreover Ei(B,i,s) = c + l. Therefore 
[B,t, s] G 3C(W; P) ijC+J . That is X(W; v) hC+l ^ 0. 

Assume < I < c + (hi, X + v). Let v' = v — la^ We introduce V G V v > 
in the following way. If j ^ % define V- = Vj. V- is (/ + dim c \/j)-dimensional 

subspace of Ker(© r;in ( T ) = j Kut(r) © Wi ( - BtA - > > y^). Note that the dimension 
of the kernel is (h i: X + v) + c + dim c V*. Therefore such V' exists. Let 
[B' , t' , s') G p 2 p : [ 1 (B, t, s) such that the map 

(4.2.1) V?-^» © V H T)®Wi 

r;out(r)=« 

is injective. By the definition of V such (B',t',s') exists. By Lemma 
4.1.1 and (4.2.1) we have (B',t',s') is a stable point and ^{B' ,t' ,s') = 0. 
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From the construction we have £i(B' ,t' , s') = c + l. Therefore we conclude 
[B', If, s'\ G X(W; u\ c+l . That is X(W; u\ c+l £ <j>. □ 
Assume X(W; v)% fi 7^ 0- By the above lemma we have X(W; P)^ 7^ for 
P = v + cctj. Moreover, from the definition of the diagram (4.1.2), we have 

w^{X{W; u) it0 ) = zu^iXiW; i/) i)C ). 

We set 

X(W; P, u) it0 = w^{X{W; u) it0 ) = ^(XiW; i/) ijC ). 
Then we have the following diagram 

(4.2.2). X{W- u) ifi ^- X(W- P, u) i>0 ^ X(W; v\ c 

It is easy to see that the restriction of zu 2 to X(W; P, u) i>0 is an isomorphism 
and X(W; P) ij0 is a open subvariety of X{W; P). 



Lemma 4.2.2 (1) For any i £ I, 

X(W; 0) i)C 



{pt.}, c = 0, 
0, c> 0. 



(2) Suppose X(W;is)i jC ^ <p and let P = v + cat. Consider the restric- 
tion of wi to X(W; P, Then the fiber of this map is isomorphic 
to Grass c (C^ ht ' x+u ^) . Here we denote by Grass c (C p ) the Grassmanian 
variety of c- dimensional subspaces ofC p . 

Proof. We have (1) immediately from the definition. Let [B, i, s] G X(W; P) i)0 
and [B,t,s,(j)] G X(W; P, u) ij0 such that qi((B, t, s, (f))) = (B,t,s). By the 
definition we have the following commutative diagram; 

- (e(r)B T ,ti) ( - \ (B T ,Si) - 

Vi ► © Mn(r) © Wi ► V 

\r;out(r)=i / 

| <t> I <t> e idw 4 I </> 

Vi > © l/ in ( T ) © Wi > Vi. 

\T\oxA{r)=i J 

We remark that the second vertical map is an isomorphism. By the similar 
argument in the proof of lemma 4.2.1 we have the map (e(r)B T , U) is injective 
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and J2e(r)B f B T + Siti = 0. On the other hand the map (B T , Sj) is subjective 
because [B,t,s] is the element of X(W; P)^- Therefore, for given [B,i,s], 
the fiber of w\ is the set of all elements [B, t, s, 0] G X(W; u, v)i$ such that 

Vi Vi — Ker ( © V Ht) -» . 

\r;out(r)=i / 

Hence we have rojf 1 ([i?,t, s]) is isomorphic to 

Grass c (C dimcWi - E ^ <ai '^ )dimc ^- 2dimc ^) = Grass c (C ( ^' A+p> ). 

□ 

By Lemma 4.2.2 (2) we have the following corollary immediately. 

Corollary 4.2.3 Suppose X(W; v) i)C ^ <p. There is one to one correspon- 
dence between the set of all irreducible components of X(W; z/)j )0 and the set 
of all irreducible components of X(W; v) i)C . 

4.3 

An element of B — (B T ) is said to be nilpotent if there exists an integer n > 2 
such that the following holds; for any sequence Ti, T2, • • • , r n in H such that 
in(ri) = out(r2), in(r2) = out(r 3 ),-- - ,in(r Tt _ 1 ) = out(r n ), the composition 
B Tn ■ ■ ■ B T2 B Tl : V^ ut ( n ) — > Vin(T„) is zero. Let us define a subvariety A(W; v) 
of 3C(W; v) by 

A(W;i/) = {[B,t,s] E X(W;v)\s = and B is nilpotent}. 

The following is due to Nakajima [15]. 

Proposition 4.3.1 A(W; v) is a Lagrangian subvariety of X(W; v). 

Now we denote by B(W; v) the set of all irreducible components of A(W; v). 
Take A G B(W;u). For a generic point [B,t,s] of A we define £j(A) = 
Si((B, t,s)). For c G Z> we set B(W; v) ifi the set of all elements of B(W; v) 
such that £j(A) = c. 

Proposition 4.3.2 

B(W;u) tfi = B(W;u) hC . 

Proof. We use the notations of Lemma 4.1.1. It is easy to see that s = if 
and only if s = and B is nilpotent if and only if B is nilpotent. By these 
equivalences we can restrict diagram (4.1.2) to nilpotent elements and s = 0. 
Therefore we obtain the desired result from Corollary 4.2.3. □ 
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4.4 

Definition 4.4.1 Suppose that A G B(W; v) i: o corresponds to A G _B(W; i/) ijC 
by the isomorphism in Proposition 4.3.2. Then we define maps fa : B(W; P) ij0 ■ 
i/) i)C and e, c : B(W; v\ c - P) i)0 by 

//(A) = A, 
e~ c (A) = A. 

Furthermore we define the maps 

ei, /i : □ !/) - □ i/) U {0} 

by 

ei : v\ c ^ B(W; v + ca t ) tfi ^ B(W; v + ai )i,c-i, 

/, : i/) i)C ^> z/ + ca^ i0 ^ z/ - a,),, c+1 

We put ei(A) = for A G i/) i>0 and 7(A) = for A G i/) i>c for 

c < -(/ij, A + i/). 

Then the maps (resp. fi ) which is constructed in the definition may 
be considered clS db C~ th power of e« (resp. fi). Let us define a map wt : 
\_\„B{W] v) -> P by wf(A) = A + z/GPforAG i/). We set ^(A) = 

£ (A) + (^,^(A)). 

Theorem 4.4.2 LL-^^^) ^ s a crystal in the sense of Definition 2.1.1. 

Proof. It is enough to see that the axioms of the crystal are satisfied. But it 
is obvious from the definition. □ 

Lemma 4.4.3 For any A G Uu B ( w ^)> ¥>»( A ) = max{k > (Dl/Z^A) ^ 0}. 

Proof. Suppose B(W; v) ^ <p and A G B(W; v)i, c - By the definition ipi(A) = 
c + (hi, A + v). By Lemma 4.2.1 B(W; v — lai) iiC+ i ^ <p if and only if — c < 
/ < c + (/ij, A + i/). Therefore we have the lemma. □ 
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4.5 

We recall the result of [7] . See [7] for details. 
Let V G V„. Define 

X(l/) = ( © H0IIl c (Kut(r),Mn(r))) 

and the symplectic form u on X(z/) by 

io(B,B') = J2 tr (e(r)B f B). 

reH 

The algebraic group G{v) acts on X(z/) in the same way to (3.2.2). Let fx be 
the corresponding moment map. For B G X(v) we set 

Ei(B) = dim c Coker( © Kut(r) — ^ Vi). 

r;in(r)=i 

Let 

A(i,) = {5 6 X(z/)|/i( J B) = and 5 is nilpotent} 

and B(oo; v) the set of irreducible components of A(z/). For a generic point 
B of A G £?(oo; z/) we set £,(A) = Si(B). We can define the operators 

e, : |J B(oo; i/) -> [J B(oo; i/) U {0}, /, : |J 5(oo; i/) -> |J 5(oo; z/) 

V V V V 

by the similar way to Definition 4.4.1. Set wt(A) = v and ty?i(A) = £j(A) + 
(/ij, wt(A)) for A G 5(oo; i/). 

Theorem 4.5.1 (%) \_\ v B(oo; v) is a crystal. 

(2) \_\ v B{oo;v) is isomorphic to B(oo). 

4.6 

From Proposition 4.3.1 we have the following statement. 

Lemma 4.6.1 B(W; v) is isomorphic to the set of irreducible G{v) -invariant 
Lagrangian subvarieties of X(W; u) st . 
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Define 



A(W;is) = {(B,t,s) G X(W;is)\s = and B is nilpotent} 

and let B(W; v) be the set of all irreducible components of A(W; v). From 
Lemma 4.6.1 there exist an injective map 



i : B(W;u) -> B(W;is). 

We introduce the map k : A(W; v) — > A[y) by (B,t, s) i— > 5. It is easy to 
see that k induce the following isomorphism; 



k : B(W;u) B(oo;i/). 



Therefore we have the following. 

Lemma 4.6.2 There is an injective map k o l : B(W; v) — > B(oo; v). 
Let us introduce the map * : T A (g) [_\ v B(oo; v) -> [J^ £(W; i/) U {0} by 



Lemma 4.6.3 f a s£hc£ morphism of crystal with the following proper- 
ties. 

(1) 7m$ = \Ju B ( w ^) u {°}- 

JTie set {t x <E> A G (T A ® Ll^ 00 ; I ® A) 7^ 0} zs isomorphic 
to B(X) through $. 

Proof. By the definition of $ (1) and (2) are clear. Therefore it is enough to 
show that $ is a strict morphism. From the construction $ preserves weights. 
Let A G B(W] v) and [B, t, s] G A. Since s = and Si{t\) = (pi(t\) = —00 the 
map ko l preserves the values of e-i and ipi. Therefore $ also preserves them. 
By the definition k o l commutes with and /j. This means $ commutes 
with them. □ 

Theorem 4.6.4 \_\ u B (W ; u) is isomorphic to B(\) as a crystal. 

Proof. By Theorem 4.5.1 we can consider $ is a strict morphism from T\ (g) 
B(oo) to |Ji/^(W; v )- ^ 1S enough to see that the conditions in Proposition 
2.3.1 are satisfied. (1) follows from the definition. (2) and (4) are just the 
above lemma. (3) is already proved in Lemma 4.4.3. □ 




if A G Im(«; o l), 
otherwise. 
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4.7 



Recall that A(W; v) is a Lagrangian subvariety of X(W; v). It is homotopic to 
X(W; v) (See [16].), hence the top homology group of A(W; v) is isomorphic 
to the middle homology group of X(W; u). Since the set of all irreducible 
components of A(W; v) is isomorphic to B{X)\ +V , we have 

dimH middle (X(W;v)) = $B(\) x+1/ . 

Here v — — ^dimViCtj G Q_ and B(\)\ +u is the set of all elements of B(\) 
with weight A + v. As an application we can compute the dimension of the 
middle homology groups of quiver varieties by using Kac's character formula 
[2]. That is, 

E dimtf middlc (*(^))e A - = /_ • 

Here W is the Weyl group of q, l(w) the length of w G W, p a Weyl vector, 
A + the set of all positive roots and multa the multiplicity of a root a. This 
result was already given by Lusztig and Nakajima. (See [12] and [16].) We 
can reprove it in a crystal-theoretical way. 



References 



[1] /. Grojnowski and G. Lusztig, "A comparison of the bases of 

quantized enveloping algebras" , in Linear Algebraic Groups and 
their Representations (Los Angeles, CA, 1992), Contemp. Math. 
153, Amer. Math. Soc, Providence,1993, 11-19. 

[2] V. G. Kac, Infinite dimensional Lie algebras, Cambridge Univ. 

Press. (1990). 

[3] M. Kashiwara, Crystallizing the g-analogue of universal envelop- 

ing algebras, Duke Math. Journal 63 (1991), 465-516. 

[4] M. Kashiwara, Global crystal base of quantum groups, Duke 

Math. Journal 69 (1993), 455-485. 

[5] M. Kashiwara, Crystal base and Littelmann's refined Demazure 

character formula, Duke Math. Journal 71 (1993), 839-858. 



16 



M. Kashiwara, "On crystal bases" , in Representations of Group, 
(Banff, AB, 1994), CMS Conf. Proc. 16, Amer. Math. Soc, Prov- 
idence, 1995, 155-197. 

M. Kashiwara and Y. Saito, Geometric construction of crystal 
bases, Duke Math. Journal 89 (1997), 9-36. 

G. Lusztig, Canonical bases arising from quantized enveloping 
algebras, J. Amer. Math. Soc. 3 (1990) 447-498. 

G. Lusztig, Canonical bases arising from quantized enveloping 
algebras II, Progr. Theor. Phys. Suppl. 102 (1990) 175-201. 

G. Lusztig, Quivers, perverse sheaves and quantized enveloping 
algebras, J. Amer. Math. Soc. 4 (1991) 365-421. 

G. Lusztig, Introduction to quantum groups, Birkhauser, (1994) 

G. Lusztig, Semicanonical bases arising from enveloping algebras, 
Adv. Math. 151 (2000), 129-139. 

D. Mumford, J. Fogarty and F. Kirwan, Geometric invariant 
theory, Third Enlarged Edition, Springer- Verlag, (1994) 

H. Nakajima, Gauge theory on resolution of simple singularities 
and simple Lie algebras, Int. Math. Res. Notices (1994) 61-74. 

H. Nakajima, Instantons on ALE spaces, quiver varieties and 
Kac-Moody algebras, Duke Math. Journal 76 (1994), 365-416. 

H. Nakajima, Quiver varieties and Kac-Moody algebras, Duke 
Math. Journal 91(1998), 515-560. 

C. Ringel, Hall algebras and quantum groups, Invent. Math. 101 
(1990), 583-591. 



Department of Mathematics, Hiroshima University, 

Higashi-Hiroshima 739-8526, Japan 
e-mail : yosihisa@math.sci.hiroshima-u.ac.jp 



17 



